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DESIGN-THEORETIC ANALOGIES BETWEEN CODES,
LATTICES, AND VERTEX OPERATOR ALGEBRAS
TSUYOSHI MIEZAKI*
Abstract. There are many analogies between codes, lattices, and ver-
tex operator algebras. For example, extremal objects are good examples
of combinatorial, spherical, and conformal designs. In this study, we in-
vestigated these objects from the aspect of design theory.
1. Introduction
In this study, we investigated the analogy between codes, lattices, and
vertex operator algebras (VOAs), with regard to design theory. To explain
our results, we review some of the previous studies conducted on codes,
lattices, and VOAs.
First, we review codes and their combinatorial designs. Let C be a doubly
even self-dual code of length n = 24m+8r. Then, its minimum weight would
satisfy the following equation:
min(C) ≤ 4
⌊ n
24
⌋
+ 4.(1.1)
We say that C meeting the bound (1.1) with equality is extremal. Let C be
an extremal code of length n = 24m+ 8r, and let us set
Cℓ := {c ∈ C | wt(c) = ℓ}.
Then, any Cℓ forms a combinatorial t-design, where
t =


5 if n ≡ 0 (mod 24),
3 if n ≡ 8 (mod 24),
1 if n ≡ 16 (mod 24)
[2].
Let C be a doubly even self-dual code of length n = 24m with min(C) =
4m. C has the largest minimum weight except for the extremal cases. Any
shell of such code C (Cℓ) forms a combinatorial 1-design [24].
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Then, we review lattices and their spherical designs. Let L be an even
unimodular lattice of rank n = 24m + 8r. It was shown in [19] that its
minimum norm satisfies the following equation:
min(L) ≤ 2
⌊ n
24
⌋
+ 2.(1.2)
We say that L meeting the bound (1.2) with equality is extremal. Let L be
an extremal lattice of rank n = 24m+ 8r, and let us set
Lℓ := {x ∈ L | (x, x) = ℓ}.
Then, any Lℓ forms a spherical t-design, where
t =


11 if n ≡ 0 (mod 24),
7 if n ≡ 8 (mod 24),
3 if n ≡ 16 (mod 24)
[29] (see also [27]).
Let L be an even unimodular lattice of rank n = 24m with min(L) = 2m.
L has the largest minimum norm except for the extremal cases. It is known
that any shell of such lattice L (Lℓ) forms a spherical 3-design [24].
Finally, we review VOAs and their conformal designs. Let V be a holo-
morphic VOA of central charge n = 24m + 8r. It has been shown in [16]
that its minimum weight satisfies the following equation:
min(V ) ≤
⌊ n
24
⌋
+ 1.(1.3)
We say that V meeting the bound (1.3) with equality is extremal. Let V
be an extremal VOA of central charge n = 24m + 8r. V is graded by
L(0)-eigenvalues as follows:
V =
⊕
n∈Z
Vn.
Then, any Vℓ forms a conformal t-design, where
t =


11 if n ≡ 0 (mod 24),
7 if n ≡ 8 (mod 24),
3 if n ≡ 16 (mod 24)
[17]. (For the detailed expressions of the minimum weights and the confor-
mal t-designs, see [16] and [17].)
Let V be a holomorphic VOA of central charge n = 24m with min(V ) =
m. V has the largest minimum degree except for the extremal cases. Con-
sidering this, the question that arises is whether any shell of such VOA V
(Vℓ) forms a conformal 3-design.
The first major finding of this study is as follows:
Theorem 1.1. Let V be a holomorphic VOA of central charge n = 24m
with min(V ) = m. Then, any shell of V (Vℓ) forms a conformal 3-design.
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The second purpose of this paper is as follows. Let L be an even uni-
modular lattice. It is known that Lℓ forms a spherical T2-design, where T2
is the set of positive odd numbers, that is, T2 = {1, 3, 5, · · · }. (See Section
2.3 for the definition of spherical T -designs.) The second major finding is
as follows:
Theorem 1.2. (1) Let C be a doubly even self-dual code of length n =
24m+8r. Then, any Cℓ∪Cn−ℓ forms a combinatorial T2-design with
2-weight. Further, any Cℓ∪Cn−ℓ forms a combinatorial 1-design with
2-weight.
(2) Let T2 be the set of positive odd numbers, That is, T2 = {1, 3, 5, · · · }.
Then, any non-empty homogeneous space of a holomorphic VOA
forms a conformal T2-design.
The third purpose of the present paper is as follows: Let L be an even uni-
modular lattice of rank 8, 16, 24. Then the following holds: Lℓ is a spherical
T -design with
T =


{1, 2, 3, 4, 5, 6, 7, 9, 10, 11} ∪ T2 if ℓ = 1
{1, 2, 3, 5, 6, 7} ∪ T2 if ℓ = 2
{1, 2, 3} ∪ T2 if ℓ = 3.
The third major finding is as follows:
Theorem 1.3.
Let V be a holomorphic VOA of central charge c = 8ℓ, with ℓ = 1, 2, 3.
Then, any non-empty homogeneous space of V forms a conformal T -design,
with
T =


{1, 2, 3, 4, 5, 6, 7, 9, 10, 11} ∪ T2 if ℓ = 1
{1, 2, 3, 5, 6, 7} ∪ T2 if ℓ = 2
{1, 2, 3} ∪ T2 if ℓ = 3.
All the homogeneous spaces are conformal 3-designs if c ≤ 24. Moreover, all
the homogeneous spaces are conformal 7-designs if c = 8.
Remark 1.1. The case ℓ = 1 and ℓ = 2 in Theorem 1.3 have also been
mentioned in a remark after Theorem 3.1 of [17]. The proof is essentially
the same as [17] with a minimal modification.
The fourth purpose of this study slightly differs from the above three find-
ings. A homogeneous space of VOA Vℓ has a strength t if Vℓ is a conformal
t-design but is not a conformal (t + 1)-design. We define the concept of
strength t for the spherical t-designs and the combinatorial t-designs.
The fourth purpose of this study is to provide other examples for which
the strength can be determined (Theorem 1.4 (1)).
We also present other interesting examples of conformal designs. All the
known examples of conformal designs Vℓ have the same strength for each
ℓ. This leads to the question of whether there are conformal designs Vℓ for
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which the strengths are different for each ℓ. In the final part of this paper,
we give examples for this (Theorem 1.4 (2)).
Theorem 1.4. (1) Let L be an even unimodular lattice of rank 24.
Then, all the homogeneous spaces (VL)ℓ have strength 3.
(2) Let L be an even unimodular lattice of rank 16. We use ordp(ℓ)
to denote the number of times that a prime p occurs in the prime
factorization of a non-zero integer ℓ. If ordp(3ℓ− 2) is odd for some
prime p ≡ 2 (mod 3), then all the homogeneous spaces (VL)ℓ have
strength 3. Otherwise, the homogeneous spaces (VL)ℓ are conformal
7-designs.
Remark 1.2. It is generally difficult to determine the strength of Cℓ, Lℓ,
and Vℓ . For example, in [29, 22], the following theorem was shown:
Theorem 1.5 ([22, Theorem 1.2]). Let E8 be the E8-lattice and V
♮ be the
moonshine VOA. Let τ(i) be Ramanujan’s τ -function:
∆(z) = η(z)24 = (q1/24
∏
i≥1
(1− qi))24 =
∑
i≥1
τ(i)qi,
where q = e2πiz. Then, the followings are equivalent:
(1) τ(ℓ) = 0.
(2) (E8)2ℓ is a spherical 8-design.
(3) (V ♮)ℓ+1 is a conformal 12-design.
Lehmer’s conjecture gives τ(i) 6= 0 [18]. Thus, Theorem 1.5 is a reformu-
lation of Lehmer’s conjecture.
We have not yet been able to determine the strength of (V ♮)ℓ for general
ℓ;hence, Lehmer’s conjecture is still open. This demonstrates the difficulty of
determining the strength of Vℓ for general V . However, in [22, 23], There are
examples for which the strength t can be determined. It has been shown that
the shells of Z2-lattice and A2-lattice have strength 3 [22]. It has also been
shown that the homogeneous spaces in a d-free boson VOA have strength 3
[22].
Remark 1.3. Let C be a doubly even self-dual code of length n. Let
ρ : Zn → Fn2 ;x 7→ x (mod 2).
Then, the construction A of C
LC :=
1√
2
{x ∈ Zn | ρ(x) ∈ C}
is an even unimodular lattice. Similarly, let L be an even unimodular lattice
of rank n. Then, we obtain a holomorphic VOA VL. This leads to the
question of whether there is any analogy in design between “C and LC” and
“L and VL”.
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Summalizing our results, we have the followings. Let C be a doubly even
self-dual code of length 24, 8, 16. Then the following holds: the Cℓ is a
combinatorial t-design with
t =


3 if n = 8,
1 if n = 16,
1 or 5 if n = 24.
On the other hand, The (LC)ℓ is a spherical T -design with
T =


{1, 2, 3, 4, 5, 6, 7, 9, 10, 11} ∪ T2 if n = 8,
{1, 2, 3, 5, 6, 7} ∪ T2 if n = 16,
{1, 2, 3} ∪ T2 if n = 24.
Let L be an even unimodular lattice of rank 24, 8, 16. Then, the following
holds: the Lℓ is a spherical t-designs with
t =


7 if n = 8,
3 if n = 16,
3 or 11 if n = 24.
On the other hand, The (VL)ℓ is a spherical T -design with
T =


{1, 2, 3, 4, 5, 6, 7, 9, 10, 11} ∪ T2 if n = 8,
{1, 2, 3, 5, 6, 7} ∪ T2 if n = 16,
{1, 2, 3} ∪ T2 if n = 24.
Therefore, there exists an analogy in design between “C and LC” and “L
and VL”.
This paper is organized as follows: In Section 2, we give the definitions
of combinatorial, spherical, and conformal t-designs; In Section 3, we give
a proof of Theorem 1.1; In Section 4, we give a proof of Theorem 1.2; In
Section 5, we give a proof of Theorem 1.3 and 1.4; Finally, in Section 6, we
provide some concluding remarks.
2. Preliminaries
2.1. Codes and conbinatorial t-designs. Let C be a subspace of Fn2 ,
where F2 is the binary finite field. C is called a (binary) linear code of
length n. For x = (x1, . . . , xn) ∈ Fn2 , we put
wt(x) = ♯{i | xi = 1}.
The minimum weight of non-zero elements of C is called the minimum weight
min(C) of C. In this section, we set (x, y) =
∑n
i=1 xiyi throughout, for
x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ Fn2 .
Let C be a linear code. We say C is a doubly even self-dual code if
it is doubly even (i.e., wt(x) ∈ 4Z for all x ∈ C) and is self-dual (i.e.,
C = C⊥ := {x ∈ Fn2 | (x, y) = 0 for all y ∈ C}). It is well known that if
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there exists a doubly even self-dual code, then n must be a multiple of 8.
[7, 28] provides the definition of and basic information about codes.
We review the concept of combinatorial t-design.
Definition 2.1. Let Ω = {1, 2, . . . , v} be a finite set, Ω{k} be the set of
all k-element subsets of Ω, and X be a subset of Ω{k}. We say X is a
combinatorial t-design or t-(v, k, λ) design if, for any T ∈ Ω{t},
♯{W ∈ X | T ⊂W} = λ.
We consider the idea of a combinatorial t-design with 2-weight.
Definition 2.2. Let X be a subset of Ω{k} ∪ Ω{ℓ} (k 6= ℓ). We say X is a
combinatorial t-design with 2-weight or a t-(v, k, λ) design with 2-weight if,
for any T ∈ Ω{t},
♯{W ∈ X | T ⊂W} = λ.
Codes provide examples of combinatorial designs and combinatorial de-
signs with 2-weight. The support of a non-zero vector x := (x1, . . . , xn),
xi ∈ Fq = {0, 1, . . . , q − 1} is the set of indices of its non-zero coordinates:
supp(x) = {i | xi 6= 0}. Let X := {1, . . . , n} and B(Cℓ) := {supp(x) |
x ∈ Cℓ}. Then, for a code C of length n, we say that Cℓ is a combinato-
rial t-design (with 2-weight) if (X,B(Cℓ)) is a combinatorial t-design (with
2-weight).
2.2. Harmonic weight enumerators. Here, we discuss some definitions
and properties of discrete harmonic functions and harmonic weight enumer-
ators [8, 3]. Let Ω = {1, 2, . . . , n} be a finite set (which will be the set of co-
ordinates of the code), Ω˜ be the set of its subsets, and for all k = 0, 1, . . . , n,
let Ω{k} be the set of its k-subsets. We denote the free real vector spaces by
RΩ˜, RΩ{k}, spanned by the elements of Ω˜, Ω{k}, respectively. An element
of RΩ{k} is denoted by
f =
∑
z∈Ω{k}
f(z)z
and is identified with the real-valued function on Ω{k} given by z 7→ f(z).
Such an element f ∈ RΩ{k} can be extended to f˜ ∈ RΩ˜ by setting, for all
u ∈ Ω˜,
f˜(u) =
∑
z∈Ω{k},z⊂u
f(z).
If an element g ∈ RΩ˜ is equal to some f˜ , for f ∈ RΩ{k}, we say that g has
degree k. The linear differential operator γ is defined by
γ(z) :=
∑
y∈Ω{k−1},y⊂z
y
for all z ∈ Ω{k} and for all k = 0, 1, . . . n, and Harmk is the kernel of γ:
Harmk := ker(γ|RΩ{k}).
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The following theorem is known:
Theorem 2.1 ([8]). A set X ⊂ Ω{k} of blocks is a t-design if and only if∑
x∈X
f˜(x) = 0
for all f ∈ Harmk, 1 ≤ k ≤ t.
Here, we refer to the concept of the combinatorial T -design and define
the concept of the combinatorial T -design with 2-weight.
Definition 2.3 ([8, 3]). X is a combinatorial T -design if the condition∑
x∈X f˜(x) = 0 holds for all f ∈ Harmj , j ∈ T . X is a combinatorial T -
design with 2-weight if the condition
∑
x∈X f˜(x) = 0 holds for all f ∈ Harmj,
j ∈ T .
To show Theorem 1.2 (1), we review the theory of the harmonic weight
enumerator developed in [3].
Definition 2.4 ([3]). Let C be a binary code of length n, and let f ∈ Harmk.
The harmonic weight enumerator associated with C and f is
wC,f (x, y) =
∑
c∈C
f˜(c)xn−wt(c)ywt(c).
Lemma 2.1 ([3]). Let C be a doubly even self-dual code. Then, for m > 0,
the non-empty shell Cm is a combinatorial t-design if and only if
afm = 0 for everyf ∈ Harmj, 1 ≤ j ≤ t
where afm is the coefficient of the harmonic theta series
wC,f (x, y) =
n∑
m=0
afmx
n−mym.
Let 

P8(x, y) = x
8 + 14x4y4 + y8,
P12(x, y) = x
2y2(x4 − y4)2,
P18(x, y) = xy(x
8 − y8)(x8 − 34x4y4 + y8),
P24(x, y) = x
4y4(x4 − y4)4,
P30(x, y) = P12(x, y)P18(x, y).
We set
IG,χk =


〈P8(x, y), P24(x, y)〉 if k ≡ 0 (mod 4)
P12(x, y)〈P8(x, y), P24(x, y)〉 if k ≡ 2 (mod 4)
P18(x, y)〈P8(x, y), P24(x, y)〉 if k ≡ 3 (mod 4)
P30(x, y)〈P8(x, y), P24(x, y)〉 if k ≡ 1 (mod 4).
The space, which includes wC,f (x, y), is characterized in [3]:
Theorem 2.2 ([3]). Let C be a doubly even self-dual code of length n, and
let f ∈ Harmk. Then, we have wC,f (x, y) = (xy)kZC,f (x, y). Moreover, the
polynomial ZC,f (x, y) is of degree n− 2k and is in IG,χk .
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2.3. Lattices and spherical t-designs. The Euclidean lattice provides an
example of a spherical design. A lattice L ⊂ Rn of dimension n is unimodular
if L = L♯, where the dual lattice L♯ of L is defined as {x ∈ Rn | (x, y) ∈
Z for all y ∈ L} under the standard inner product (x, y). The norm of a
vector x is defined as (x, x). The minimum norm min(L) of a unimodular
lattice L is the smallest norm among all non-zero vectors of L.
A unimodular lattice with even norms is said to be even. An even uni-
modular lattice of dimension n exists if and only if n ≡ 0 (mod 8).
The concept of a spherical t-design has been explained by Delsarte et al.
[9].
Definition 2.5 ([9]). Let
Sn−1(r) = {x = (x1, . . . , xn) ∈ Rn | x21 + · · ·+ x2n = r2}.
For a positive integer t, a finite non-empty set X in the unit sphere Sn−1(1)
is called a spherical t-design in Sn−1(1) if the following condition is satisfied:
1
|X|
∑
x∈X
f(x) =
1
|Sn−1(1)|
∫
Sn−1(1)
f(x)dσ(x)
for all polynomials f(x) = f(x1, . . . , xn) of degree not exceeding t.
Here, the right-hand side of the equation is the surface integral over the
sphere, and |Sn−1(1)| denotes the area of the sphere Sn−1(1). A finite subset
X in Sn−1(r) is also called a spherical t-design if (1/r)X is a spherical t-
design on the unit sphere Sn−1(1). If X is a spherical t-design but not a
spherical (t+ 1)-design, we can say that X has strength t.
Lattices provide examples of spherical t-designs. We say that Lℓ is a
spherical t-design if (1/
√
ℓ)Lℓ is a spherical t-design.
2.4. Spherical theta series. We denote by Harmj(R
n) as the set of ho-
mogeneous harmonic polynomials of degree j on Rn. The following theorem
is known:
Theorem 2.3 ([9]). X(⊂ Sn−1(1)) is a spherical t-design if and only if the
condition
∑
x∈X P (x) = 0 holds for all P (x) ∈ Harmj(Rn) with 1 ≤ j ≤ t.
If X is antipodal (i.e., x ∈ X ⇒ −x ∈ X), then X is a spherical t-design if
and only if the condition ∑
x∈L2m
P (x) = 0
holds for all P ∈ Harm2j(Rn) with 1 ≤ 2j ≤ t.
Let T be a subset of the natural numbers N = {1, 2, . . .}. Then, we define
the concept of spherical T -design as follows:
Definition 2.6 ([23]). X is a spherical T -design if the condition∑
x∈X
P (x) = 0
holds for all P (x) ∈ Harmj(Rn) with j ∈ T .
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Remark 2.1. We remark that a spherical t-design is actually a spherical
{1, 2, . . . , t}-design. Therefore, the concept of a spherical T -design general-
izes that of a spherical t-design.
Let H := {z ∈ C | Im(z) > 0} be the upper half-plane.
Definition 2.7. Let L be the lattice of Rn. Then, for a polynomial P , the
function
ϑL,P (z) :=
∑
x∈L
P (x)eiπz(x,x)
is called the theta series of L weighted by P .
Lemma 2.2 ([29, 30, 27]). Let L be an integral lattice in Rn. Then, for
m > 0, the non-empty shell Lm is a spherical t-design if and only if
a(P )m = 0 for every P ∈ Harm2j(Rn), 1 ≤ 2j ≤ t,
where a
(P )
m are the Fourier coefficients of the weighted theta-series
ϑL,P (z) =
∑
m≥0
a(P )m q
m.
For example, we consider an even unimodular lattice L. Then, the theta
series of L weighted by the harmonic polynomial P , ϑL,P (z), is in a modular
form with respect to SL2(Z). In general, we have the following:
Lemma 2.3 ([27]). Let L ⊂ Rn be an even unimodular lattice of rank
n = 8N and of minimum 2M .
(1) For every even positive integer j, there exists linear forms ci : Harm2j(Rn)→
C such that
ϑL,P =
[(N+j/2)/3]∑
i=M
ci(P )∆
iE
N+j/2−3i
4 , ∀P ∈ Harm2j(Rn).
In particular, if 3M > N + j/2, then, ϑL,P = 0 for every P ∈
Harm2j(Rn).
(2) For every odd positive integer j, there exist linear forms ci : Harm2j(Rn)→
C such that
ϑL,P =
[(N+j/2)/3]∑
i=M
ci(P )E6∆
iE
N+(j−3)/2−3i
4 , ∀P ∈ Harm2j(Rn).
In particular, if 3M > N + (j − 3)/2, then, ϑL,P = 0 for every
P ∈ Harm2j(Rn).
2.5. VOAs and conformal t-designs. First, we review some information
about VOAs that will be presented later in this paper. See [6], [13], and [14]
for definitions and elementary information about VOAs and their modules.
A VOA V over the field C of complex numbers is a complex vector space
equipped with a linear map Y : V → End(V )[[z, z−1]] and two non-zero
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vectors 1 and ω in V , satisfying certain axioms (cf. [13, 14]). We denote a
VOA V by (V, Y,1, ω). For v ∈ V , we write
Y (v, z) =
∑
n∈Z
v(n)z−n−1.
In particular, for ω ∈ V , we write
Y (ω, z) =
∑
n∈Z
L(n)z−n−2,
and V is graded by L(0)-eigenvalues: V = ⊕n∈ZVn. We note that {L(n) |
n ∈ Z} ∪ {idV } forms a Virasoro algebra. For Vn, n is called the weight. In
this study, we assume that Vn = 0 for n < 0, and V0 = C1. For v ∈ Vn, the
operator v(n−1) is homogeneous and is of degree 0. We set o(v) = v(n−1).
We also assume that the VOA V is isomorphic to a direct sum of the highest
weight modules for the Virasoro algebra, i.e.,
V =
⊕
n≥0
V (n),(2.1)
where each V (n) is a sum of the highest weight Vω modules of the highest
weight n and V (0) = Vω.
In particular, the decomposition (2.1) yields the natural projection map
π : V → Vω
with the kernel ⊕n>0V (n). Next, we give the definition of a conformal
t-design, which is based on Matsuo’s study [20].
Definition 2.8 ([17]). Let V be a VOA of central charge c, and let X be an
h-degree subspace of a module of V . For a positive integer t, X is referred
to as a conformal t-design if, for all v ∈ Vn (where 0 ≤ n ≤ t), we have
tr|Xo(v) = tr|Xo(π(v)).
Then, it is easy to prove the following theorem:
Theorem 2.4 ([17]). Let X be the homogeneous subspace of a module of a
VOA V . X is a conformal t-design if and only if the condition tr |Xo(v) = 0
holds for all homogeneous v ∈ kerπ =⊕n>0 V (n) of degree n ≤ t.
Theorem 2.5 ([17]). Let V be a VOA and let N be a V -module graded by
Z+ h. The following conditions are equivalent:
(1) The homogeneous subspaces Nn of N are conformal t-designs based
on V for n ≤ h.
(2) For all Virasoro highest weight vectors v ∈ Vs with 0 < s ≤ t and all
n ≤ h we obtain
tr |Nno(v) = 0.
Let T be a subset of the natural numbers. As an analogue of the concept
of spherical T -designs, we define the concept of a conformal T -design as
follows:
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Definition 2.9. X is a conformal T -design if the condition tr |Xo(v) = 0
holds for all homogeneous v ∈ ker π =⊕n>0 V (n) of degree j ∈ T .
Remark 2.2. We remark that a conformal t-design is actually a conformal
{1, 2, . . . , t}-design. Therefore, the concept of a conformal T -design gener-
alizes that of a conformal t-design.
Vm can be considered to have large symmetry if a homogeneous space
of VOA Vm is a conformal t-design for higher t [20]. A conformal t-design
is also a conformal s-design for all integers 1 ≤ s ≤ t. Therefore, it is of
interest to investigate the conformal t-design for higher t.
For the notion of admissible, we refer to [11]. A VOA is called rational
if every admissible module is completely reducible. A rational VOA V is
called holomorphic if the only irreducible module of V up to isomorphism
is V itself. The smallest h > 0 for which V (h) 6= 0 is called the minimal
weight of V and is denoted by µ(V ).
A holomorphic VOA of central charge c exists if and only if c ≡ 0 (mod 8)
[16].
2.6. Graded traces. In this section, we review the concept of the graded
trace. As stated earlier, V is a VOA with standard L(0)-grading
V =
⊕
n≥0
Vn.
Then, for v ∈ Vk, we define the graded trace ZV (v, z) as follows:
ZV (v, z) = tr |V o(v)qL(0)−c/24 = q−c/24
∞∑
n=0
(tr |Vno(v))qn,
where c is the central charge of V . If v = 1, then
ZV (1, z) = tr |V qL(0)−c/24 = q−c/24
∞∑
n=0
(dimVn)q
n.
Theorem 2.6 ([31]). Let V be a holomorphic VOA of central charge c. Let
v ∈ Vs be a Virasoro highest weight vector of conformal weight s. Let
S = ±
(
0 1
1 0
)
and T = ±
(
1 1
0 1
)
.
Then
ZV (v, q) = q
−c/24
∞∑
n=0
tr |Vno(v)qn
is a meromorphic modular form of weight s for PSL2(Z) with character ρ
ρ(S) = 1 and ρ(T ) = e−2πic/24.
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Theorem 2.7 ([12]). Let L be a even unimodular lattice of rank n Then,
for every element v in VL, we have
Z(v, z) =
f(v, z)
η(z)n
,
where f(v, z) is a sum of modular form of SL(2,Z).
Theorem 2.8 ([12]). Let P be a homogeneous spherical harmonic polyno-
mial and let VL be the lattice vertex operator algebra associated with an even
integral lattice L of rank k. Then, there exists a Virasoro highest weight
vector vP with the property
ZVL(vP , q) = ϑL,P (z)/η(z)
k ,
where
η(z) := q1/24
∞∏
i=1
(1− qi).
2.7. Graded traces for lattice vertex operator algebras. In this sec-
tion, to prove the theorem 1.3, we investigate the graded trace of lattice
VOAs.
Let L be an even unimodular lattice of rank n = 24m + 8r. Then, VL
is a holomorphic VOA of central charge c = 24m + 8r. Let v ∈ Vℓ be a
Virasoro highest weight vector of degree ℓ. It follows from Theorem 2.6 and
2.7 that η(z)cZVL(v, z) is a modular form of weight c/2 + ℓ = 12m+ 4r + ℓ
for SL2(Z).
Let c = 8, and let v ∈ (VL)8 Then
η(z)cZVL(v, z) = c1(v)(q + · · · )
is a modular form of weight 12. Therefore, we have
η(z)cZVL(v, z) = c1(v)∆(z)
and
ZVL(v, z) =
c1(v)∆(z)
η(z)8
= c1(v)η(z)
16 = c1(v)q
−1/3
∞∑
i=1
a(i)qi (say),(2.2)
where c1(v) is a constant that depends on v. Let c = 16 and v ∈ (VL)4.
Then
η(z)cZVL(v, z) = c2(v)(q + · · · )
is a modular form of weight 12. Therefore, we have
η(z)cZVL(v, z) = c2(v)∆(z)
and
ZVL(v, z) =
c2(v)∆(z)
η(z)16
= c2(v)η(z)
8 = c2(v)q
−2/3
∞∑
i=1
b(i)qi (say),(2.3)
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where c2(v) is a constant that depends on v. Let c = 24, and let v ∈ (VL)4
be a Virasoro highest weight vector of degree 4. Then
η(z)cZVL(v, z) = c3(v)(q + · · · )
is a modular form of weight 16. Therefore, we have
η(z)cZVL(v, z) = c3(v)E4(z)∆(z)
and
ZVL(v, z) =
c3(v)E4(z)∆(z)
η(z)24
= c3(v)E4(z) = c3(v)q
−1
∞∑
i=1
c(i)qi (say),
(2.4)
where c3(v) is a constant that depends on v.
Then, using an argument similar to that presented in the proof of [22,
Theorem 1.2], we have the following proposition:
Proposition 2.1. Let the notation be the same as before. Then, the follow-
ing (i) and (ii) are equivalent for all c ∈ {8, 16, 24}:
(1) Case c = 8:
(i) a(ℓ) = 0;
(ii) (VL)ℓ is a conformal 8-design.
(2) Case c = 16:
(i) b(ℓ) = 0;
(ii) (VL)ℓ is a conformal 4-design.
(3) Case c = 24:
(i) c(ℓ) = 0;
(ii) (VL)ℓ is a conformal 4-design.
Proof. (1) Let c = 8. Note that L ∼= E8. First, note that for v ∈ (VL)8,
by (2.2), we have
η(z)8ZVL(v, z) = c1(v)∆(z) ∈M12(SL2(Z)).
Assume that a(ℓ) = 0. Then, for any v ∈ (VL)8, we have tr |(VL)ℓo(v) =
0. Therefore, (VL)ℓ is a conformal 8-design.
Next, we assume the contrary, that is, a(ℓ) 6= 0. Since (VE8)1 is
not a conformal 8-design (cf [17, Theorem 4.2 (i)]), by (2.2), there
exists v ∈ (VE8)8 of degree 8 such that
ZVE8 (v, z) = c1(v)q
−1/3
∞∑
i=1
a(i)qi,
where c1(v) 6= 0. Hence, we have
tr |(VE8 )ℓo(v) = c1(v)× a(ℓ) 6= 0,
which implies that (VE8)ℓ is not a conformal 8-design. This completes
the proof of Case 1.
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(2) Let c = 16. For v ∈ (VL)4, by (2.3), we have
η(z)16ZVL(v, z) = c2(v)∆(z) ∈M12(SL2(Z)),
where c2(v) is a constant that depends on v. Assume that b(ℓ) = 0.
Then, for any v ∈ (VL)4, we have tr |(VL)ℓo(v) = 0. Therefore, (VL)ℓ
is a conformal 4-design.
On the other hand, based on [27, Lemma 31], there exists P ∈
Harm4(R
16) such that ϑL,P (z) = d1(P )∆(z), where d1(P ) is a non-
zero constant. Therefore, based on Theorem 2.8, there exists vP ∈
(VL)4 such that
ZVL(vP , z) = d1(P )∆(z)/η(z)
16 = d1(P )q
−2/3
∞∑
i=1
b(i)qi.
We have c(P )× b(1) 6= 0, that is, (VL)1 is not a conformal 4-design.
Then, the rest of the proof is similar to that of Case 1.
(3) Let c = 24. For v ∈ (VL)4, by (2.4), we have
η(z)24ZVL(v, z) = c3(v)E4(z)∆(z) ∈M16(SL2(Z)),
where c3(v) is a constant that depends on v. Assume that c(ℓ) = 0.
Then, for any v ∈ (VL)4, we have tr |(VL)ℓo(v) = 0. Therefore, (VL)ℓ
is a conformal 4-design.
Let L be a lattice that is not a Leech lattice. Then, based on
[27, Lemma 31], there exists P ∈ Harm4(R24) such that ϑL,P (z) =
d2(P )E4(z)∆(z), where d2(P ) is a non-zero constant. Therefore,
based on Theorem 2.8, there exists vP ∈ (VL)4 such that
ZVL(vP , z) = d2(P )E4(z)∆(z)/η(z)
24 = q−1
∞∑
i=1
c(i)qi.
We have d2(P )× c(1) 6= 0, that is, (VL)1 is not a conformal 4-design.
The rest of the proof is similar to that of Case 1.
Let L be a Leech lattice. Then, (VL)1 = 〈h1(−1)1, . . . , h24(−1)1〉,
where {hi}24i=1 are the orthonormal basis of h. Let
v4 = h1(−1)41− 2h1(−3)h1(−1)1 + 3
2
h1(−2)21.
Then, v4 is the highest weight vector in (VL)4 (see [22, Proposition
3.2]). Then, we have tr |(VL)1o(v4) 6= 0, That is, (VL)1 is not a
conformal 4-design. The rest of the proof is similar to that of Case
1.

3. Proof of Theorem 1.1
In this section, we show Theorem 1.1.
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Proof of Theorem 1.1. Let V be a holomorphic VOA of central charge c =
24m. Let v ∈ Vℓ be a Virasoro highest weight vector of degree ℓ. It follows
from Theorem from Theorem 2.6 and 2.7 that η(z)cZV (v, z) is a modular
form of weight
c/2 + ℓ = 12m+ ℓ
for SL2(Z).
Assume that ℓ = 1 or ℓ = 3. Then, there is no non-zero holomorphic
modular form of weight 12m+ ℓ.
Assume that ℓ = 2. Then
η(z)cZV (v, z) = q
c
24 (1 + · · · ) c24 q− c24 (cmqm + · · · ) = cmqm + · · · .
Then, there is no non-zero holomorphic modular form of weight 12m + 2
such that the leading term is cmq
m + · · · , that is, ZV (v, q) = 0. Therefore,
we can say that any homogeneous spaces of V are conformal 3-design, by
Theorem 2.5.

4. Proof of Theorem 1.2
4.1. Proof of Theorem 1.2 (1). In this section, we show Theorem 1.2
(1).
Proof of Theorem 1.2 (1). Let f ∈ Harmℓ with ℓ ∈ T2. Let
wC,f (x, y) =
n∑
i=0
cC,f (i)x
n−iyi.
It is sufficient to show that cC,f (ℓ) + cC,f (n − ℓ) = 0. Let ℓ ≡ 3 (mod 4).
Then, from Theorem 2.2,
wC,f (x, y) = P18(x, y)× (a polynomial of P8(x, y) and P24(x, y)).
Note that P8(x, y) = P8(y, x), P24(x, y) = P24(y, x) and P18(x, y) = −P18(y, x).
These imply that wC,f (x, y) = −wC,f (y, x) and cC,f (ℓ) = −cC,f (n− ℓ). This
completes the proof for the case ℓ ≡ 3 (mod 4). The case ℓ ≡ 1 (mod 4)
can be proved in a similar manner. 
The following corollary is obtained in [1, 25]. Theorem 1.2 gives a new
proof.
Corollary 4.1 ([1, 25]). Let C be a doubly even self-dual code of length n =
24m+ 8r. Then, any Cn/2 forms a combinatorial T2-design. In particular,
any Cn/2 forms a combinatorial 1-design.
Proof. From Theorem 1.2, Ck ∪Cn−k forms a combinatorial T2-design with
2-weight. If k = n/2, then Cn/2 ∪Cn−n/2 = Cn/2. This completes the proof
of Corollary 4.1. 
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4.2. Proof of Theorem 1.2 (2). In this section, we show Theorem 1.2
(2).
Proof of Theorem 1.2 (2). Let V be a holomorphic VOA of central charge
c = 24n + 8r. Let v ∈ Vℓ be a Virasoro highest weight vector of degree ℓ.
It follows from Theorem 2.6 and 2.7 that η(z)cZV (v, z) is a modular form
of weight c/2 + ℓ = 12n + 4r + ℓ for SL2(Z). Assume that ℓ ≡ 1 (mod 2).
Then, there is no non-zero holomorphic modular form of odd weight c/2+ ℓ,
that is, ZV (v, q) = 0. Therefore, we have that any homogeneous spaces of
V are conformal T -design, by Theorem 2.5.

5. Proof of Theorem 1.3 and 1.4
In this section, we give the proof of Theorem 1.3 and 1.4.
5.1. Proof of Theorem 1.3.
Proof of Theorem 1.3. Let V be a holomorphic VOA of central charge c =
8. Let v ∈ Vℓ be a Virasoro highest weight vector of degree ℓ. Then,
η(z)cZV (v, z) is a modular form of weight 4 + ℓ for SL2(Z). However, there
is no non-zero holomorphic modular form of weight 4 + ℓ with
ℓ ∈ {1, 2, 3, 4, 5, 6, 7, 9, 10, 11},
that is, ZV (v, z) = 0. Therefore, we conclude that any homogeneous spaces
of V are
conformal {1, 2, 3, 4, 5, 6, 7, 9, 10, 11} ∪ T2−design,
from Theorem 2.5 and Theorem 1.2. In particular, any homogeneous spaces
of V are conformal 7-designs. The proof for the cases c = 16, 24 are similar.
This completes the proof of Theorem 1.2. 
5.2. Proof of Theorem 1.4.
Proof of Theorem 1.4 (1). By Proposition 2.1, it is sufficient to show that if
ordp(3ℓ− 2) is odd, then b(ℓ) = 0; otherwise b(ℓ) 6= 0, where b(ℓ) is defined
by (2.3). Recall that
ZVL(v, z) =
c2(v)∆(z)
η(z)16
= c2(v)η(z)
8
= c2(v)q
−2/3
∞∑
i=1
b(i)qi
= c2(v)q
−16/24(q − 8q2 + 20q3 − 70q5 + 64q6 + 56q7 − 125q9 + · · · ).
Set
η(3z)8 =
∞∑
i=1
b′(i)qi(5.1)
= q − 8q4 + 20q7 − 70q13 + · · · .
DESIGN-THEORETIC ANALOGIES 17
The exponents of the power series of (5.1) are 1 modulo 3. By [15, Theorem
2.1, Corollary 2.2], for p ≡ 2 (mod 3), if ordp(ℓ) is odd, then b′(ℓ) = 0;
otherwise b′(ℓ) 6= 0, and if (ℓ, n) = 1, then
b′(ℓn) = b′(ℓ)b′(n).
Using these properties of b′(ℓ), if ordp(3ℓ − 2) is odd for some prime p ≡ 2
(mod 3), then (VL)ℓ is a conformal 4-design; otherwise, the homogeneous
spaces (VL)v are not conformal 4-designs.
Finally, we show that if ordp(3ℓ−2) is odd for some prime p ≡ 2 (mod 3),
then (VL)ℓ is a conformal 7-design. From Theorem 1.2, we show that (VL)ℓ
is a conformal {1, 2, 3, 5, 6, 7} ∪ T2-design. As shown above, for v ∈ (VL)k
(5 ≤ k ≤ 7), we conclude that (VL)ℓ is a conformal 4-design, that is, it
is a conformal {1, 2, 3, 4, 5, 6, 7} ∪ T2-design. Hence, (VL)ℓ is a conformal
7-design. Thus, the proof is complete. 
Proof of Theorem 1.4 (2). Based on Proposition 2.1, it is sufficient to show
that for ℓ ≥ 1, c(ℓ) 6= 0, where c(ℓ) is defined by (2.4). Based on (2.4), we
have c(ℓ) = σ3(ℓ), where σ3(j) is a divisor function σ3(j) =
∑
d|j d
3. Then,
for ℓ ≥ 1, we have c(ℓ) = σ3(ℓ) 6= 0. 
6. Concluding Remarks
(1) Let L be an even unimodular lattice of rank 16. We showed in The-
orem 1.4 that, if ordp(3ℓ− 2) is odd for some prime p ≡ 2 (mod 3),
then (VL)ℓ is a conformal 7-design. It is an interesting, unsolved
problem to determine whether (VL)ℓ is a conformal 8-design. Let
E4(z)η(z)
8 = q−2/3
∑∞
i=1 d(i)q
i. Using the same method as in the
proof of Proposition 2.1, we can say that (VL)ℓ is a conformal 8-
design if and only if d(ℓ) = 0.
(2) Let L be an even unimodular lattice of rank 8 (i.e., L = E8-lattice).
Then, based on Proposition 2.1, the homogeneous space (VL)ℓ is a
conformal 8-design if and only if a(ℓ) = 0, where a(ℓ) is defined as
follows: η(z)16 = q−1/3
∑∞
i=1 a(i)q
i. It is conjectured in [26] that
a(ℓ) 6= 0 for all ℓ. Using the same argument as in [18, 4, 5], we can
say that, if a(p) 6= 0 for all prime numbers p, then a(ℓ) 6= 0 for all ℓ.
(3) Note that there is no known combinatorial 6-design among the Cℓ of
code C. Also note that there are no known spherical or conformal
12-designs among the shell and the homogeneous spaces of any lat-
tices or VOAs, except for the trivial case VA1 [17, Example 2.6.]. It
is an interesting, unsolved problem to show whether there exists a
combinatorial 6-design obtainable from codes, a spherical 12-design
obtainable from lattices, or a conformal 12-design obtainable from
VOAs.
(4) Let L = A1-lattice (namely, L =
√
2Z = 〈α〉Z). Then, all homoge-
neous spaces of the lattice VOA VL are conformal t-designs for all
t (cf. [17]). This is because (VL)
Aut(VL) = Vω. Here, let θ be an
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element in Aut(VL) of order 2, which is a lift of −1 ∈ Aut(L), and
let V +L be the fixed points of the VOA VL associated with θ. Then,
all the homogeneous spaces of V +L are conformal 3-designs because
((VL)
Aut(VL))≤3 = (Vω)≤3 and because of [17, Theorem 2.5]. On the
other hand, let v4 = α(−1)41−2α(−3)α(−1)1+ 32α(−2)21 ∈ (V +L )4.
Then, we calculate the graded trace as follows [10]:
ZV +
L
(v4, z) = q
1/24 η(2z)
15
η(z)7
.
Therefore, if the Fourier coefficients of ZV +
L
(v4, z) do not vanish, then
none of the homogeneous spaces of V +L are conformal 4-designs. We
have checked numerically that the coefficients do not vanish up to
the exponent 1000.
(5) Using [27] and [4], we show the following theorem:
Theorem 6.1 (cf. [27], [4]). The shells in the Z2-lattice are spherical
3-designs and are not spherical 4-designs. The shells in the A2-lattice
are spherical 5-designs and are not spherical 6-designs.
In [21], they showed that the homogeneous spaces of VA2 are con-
formal 5-designs. Therefore, it is natural to ask whether the corre-
sponding results hold for the lattice VOAs V√2Z2 and VA2 . Specifi-
cally,
(a) Are the homogeneous spaces of V√2Z2 conformal 3-designs and
not conformal 4-designs?
(b) Are the homogeneous spaces of VA2 not conformal 6-designs?
As interesting, unsolved problems, these questions remain to be an-
swered in the affirmative or negative.
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